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The interplay of the permutation groups with large N deserves more consideration 
and might uncover a deeper relation. 

S. Samuel, 1980 

Abstract 

We show that many important properties of unitary matrix integrals, such as l/N expan- 
sion, character expansion, and in some cases even explicit formulas, are rooted in properties 
of the Jucys-Murphy elements. The class of integrals to which our results apply are the cor- 
relation functions of elements of Haar-distributed random unitary matrices. In the course of 
our study we obtain various results on the conjugacy class expansion of symmetric functions 
in Jucys-Murphy elements, a topic of interest in algebraic combinatorics. 
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1 Introduction 

1.1 Correlation functions of matrix elements 

Starting with an x matrix A^r whose entries Xij are independent and identically dis- 
tributed complex Gaussian random variables, with mean and variance 1/A^, one may con- 
struct new random matrices which have additional symmetry. The random Hermitian matrix 
Hn = ^{^N + A^) belongs to the Gaussian Unitary Ensemble (GUE), while the random uni- 
tary matrix Un obtained by applying the Gram-Schmidt orthonormalization procedure to the 
columns of A^v belongs to the Circular Unitary Ensemble (CUE). The distribution of has 
density proportional to e~~'^'^^^^^dH, where dH is Lebesgue measure on the A^^-dimensional real 
vector space 7i{N) of Hermitian matrices, while the distribution dU of Un is a scalar multiple 
of Haar probability measure on the unitary group U{N). 
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The GUE and CUE are two of the principal ensembles of random matrix theory [3l]. In 
many situations, and for both ensembles, the need arises to compute correlation functions of 
matrix elements. These are averages of the form 

n 

«W fc=i 



(1-1) ( n ^«('':)i('^)^«'{'^Oi'(fc) 



k=i 'N I e-^^^'^'UH 



H{N) 



for the GUE and 



(1-2) ( Wui(^k)j{k)Uii(k)f(k) 



» n 

I 11 '^i(k)j(k)UiUk)j'(k)dU 

JU{N) 1^^, 



k=l ' N / IdU 

Ju(N) 

for the CUE, where in both cases i,j,i',j' G [N]^"''^ are given indices. It is straightforward to 
show that for both ensembles the first two correlators, mean and covariance, are given bj{3 

{hij)N = {Uij)N = 

[i = i'][j=f] 



{hijhi>j>)N = (uijUiij')N 



N 



In the case of the GUE, knowledge of the mean and covariance suffice to determine all 
correlation functions . This is by virtue of the familiar Wick formula, which decomposes the 
correlation of any n-tuple of centred Gaussians Gi, . . . , G„ into a sum of products of covariances: 

/ n \ n 

(1-3) \\{Gk)= WiGkG^ik))'^, 

where the sum runs over the set S^'^\n) of fixed point free involutions in the symmetric group 
S{n). The combinatorics of computing correlation functions of GUE matrix elements using the 
Wick formula may be organized diagramatically, and this leads to remarkable connections with 
the combinatorics of maps on surfaces, as surveyed for instance by Zvonkin [55]. A particularly 
striking and frequently cited example of this phenomenon is the famous result of Harer and 
Zagier [27] that 

L"/2J , . 

(1.4) (Tr(^lr))^ = ^E 

9=0 

where £g{n) denotes the number of ways in which the sides of a (2n)-gon may be identified in 
pairs in order to produce a compact orientable surface of genus g. 



^We sometimes use the Iverson-Knuth bracket instead of the Kronecker deha — see Section [2] for notational 
conventions. 
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The computation of the CUE correlators ()1.2p . which is the main focus of this article, is more 
involved. The additional complexity stems from the fact that the analogue of the Wick formula 
in this setting involves a sum over the full permutation group and does not reduce the problem 
to computation of covariances, but rather to the computation of permutation correlators: 

(1-5) ( n ^i{k)j{k)Ui'{k)j'{k)l = X] ( X] = = Jt] j {uilUi^^i) . . . UnnUnnin))N- 

^k=l TreSCn) ^(Tr-l=7r ^ 

These permutation correlators, which have been computed up to n = 6 by Samuel [H] and 
Collins [To], are rational functions of whose complexity grows rapidly with n. While any 
particular permutation correlator may be (laboriously) computed, explicit formulas are known 
only in a small number of special cases. Another issue, which is known as the De Wit- 't Hooft 
anomaly in physics literature \35 \ H6]. is that the above "Wick formula" is clearly not valid 
for N < n. 

1.2 History of the problem 

Integration over the elements of unitary matrices is a topic of perennial interest in mathematical 
physics. The problem was considered by nuclear physicists as early as 1963 [U], following 
Dyson's introduction of the circular ensembles [18], and later re-emerged in influential work of 
De Wit and 't Hooft [IB], Samuel [IB], and Weingarten [S2] in gauge theory. Further references 
to the physics literature may be found in Morozov's recent survey ^S]) while a careful treatment 
of the foundations of the problem, starting with a classical construction of Hurwitz, is given by 
Forrester |2lj Section 2.3]. 

Recently, due largely to interest in problems at the interface of random matrix theory and 
free probability, the problem of computing the integrals ()1.2p has been reconsidered by math- 
ematicians from a new perspective |1H I13|. This second generation approach has become an 
important paradigm in the burgeoning theory of integration on compact matrix quantum groups 
[21 [3l m [5l [6] , where the basic quantities of interest are correlation functions of matrix elements 
with respect to the unique Haar state constructed by Woronowicz [53] . 

1.3 expansion 

Despite the apparent intractability of the permutation correlators, their behaviour simplifies 
dramatically in the limit N — > oo. In particular, first order asymptotics factorize according to 
cycle structure, and are known explicitly: if vr = ciC2 . . . C£ is the disjoint cycle decomposition of 
vr, then 

^ 1 

(1.6) i-ir-'N^^-'{uuU^.- ■ UnnU;^))N = U^^^cl-l 

1=1 

for all N > n, where the factors in the product are Catalan numbers [71llH[T3]. Factorization of 
first order asymptotics, which could be anticipated in view of the "factorization hypothesis" for 
matrix- valued field theories [54j . indicates that the empirical distribution of the entries oi Un 
tends to a delta measure as — >■ oo. The first order approximation p.6|) is sufficient for many 
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practical purposes, e.g. establishing asymptotic freeness of independent Haar unitary random 
matrices [381 Lecture 23]. 

Given the pleasant form of the first order approximation (jl.6p . it is natural to ask about 
higher order corrections. In particular, one is hopeful that the full asymptotic expansion is a 
generating function for data of enumerative significance. As a motivating example, consider the 
first three terms in the expansion of diagonal correlators for small values of n : 

N{uiiuU)n = 1 

3 11 1 

N'^{uuWiU22V^U33U^U441MI)n = + 7^ + + ^^^"^ 

, ,10 105 1 , 

N''{unUnU22U22U33U33U44U44U5r^U55}N = I + + + ^ij^)' 

We know from (|1.6p that the leading term is given by the product Y\7=i Cato = 1- The surprise is 
that the second order terms apparently coincide with the sequence of triangular numbers. Indeed, 
we will show in this article that the terms in the 1/A^ expansion of permutation correlators behave 
polynomially with respect to the adjunction of diagonal matrix elements. The polynomials in 
question arise as the solution to a combinatorial problem, described initially in terms of the class 
expansion of symmetric functions in Jucys-Murphy elements [36] and ultimately in terms of 
the structure of the algebra A* of shifted symmetric functions |29[ W\\ . Returning to the above 
example, the third order expansion of diagonal correlators is 

, , „, , \nin-l) ^n(n-l)(3n2 + 17n-34) 1^ 
(1.7) A^"(nnWT • • • UnnU^)N = 1 + ^ \^ + ^ + O(^) 

for all > n > 1. 



1.4 Jucys-Murphy elements 

The Jucys-Murphy elements are commuting elements in the group algebra of the symmetric 
group S{n). They are defined by 

(1.8) Jfc = ^^transpositions in S{k) — ^^transpositions in ^(A; — 1) 
for \ < k < n. Thus 

(1.9) Jk = {l,k) + --- + {k~l,k) 
with Ji = 0. 

While the JM-elements themselves are not central, a remarkable fact discovered by Jucys 
|28j is that symmetric functions of them are. More precisely, let Hj^ denote the multiset (or 
"alphabet") {{Ji, . . . , Jn, 0, 0, . . . }} and let A denote the algebra of symmetric functions over C. 
Then 

/(H„)=/(Ji,...,J„,0,0,...)GZ(n) 
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for any / € A. That is, the map / i— > defines a speciahzation A — > 2{n) from the algebra 

of symmetric functions to the center of the symmetric group algebra. 

Given Jucys' result, it is natural to ask for the multiplicity of a given conjugacy class in 
/(En), and it is in this context that the connection with unitary matrix integrals arises. Let 
c^(n) denote the formal sum of all permutations in S{n) of reduced cycle- type //. For example, 
C(o)('^) is the identity permutation in S{n) and C(i)(n) is the sum of all transpositions. Then 

(1.10) {c^(n) : wt(/i) < n} 

is a linear basis of Z{n). Here the weight of a partition is defined by wt(//) := where 
|;u| is the sum of the parts of fi and is the number of parts. We ask for the value of the 
coefficients Gf^{f,n) in the linear resolution 

(1.11) /(H„)= J2 G^{f,n)t,{n). 

wt{ii)<n 

We will see below that the coefficients Gfj,{f,n) depend polynomially on n; the computation of 
these polynomials will be referred to as the class expansion problem. 

The class expansion problem for complete symmetric functions plays a special role in the 
theory of the correlation functions (|1.2|) . Define coefficients F^{n) by 

(1.12) hk{En)= ^mW^mW' 

wt(/i)<n 

where hk is the complete homogeneous symmetric function of degree k. That is, F^{n) = 

G^{h]^,n). We will see below that non-zero coefficients are of the form pji^^^"^^ {n) for 5 > 0. 
One of our main results is that permutation correlators expand perturbatively into generating 
functions for these coefficients. 

Theorem 1.1. Let vr € S{n) he a permutation of reduced cycle-type fi. Then 

^1/^1+23/ \ 

(-1)'^'A^"^'^'(^ii^MiT---^«'^^W^)^ = Y1 ^ N29 ■ 

The third order expansion ()1.7p was obtained by applying Theorem 1 1 . 1 1 with /i = (0), 

FL(n) FL(n) 1 

(1.13) Ar"(nnnIT. . . Unnu;^)N = ^"^(n) + + + O(^), 

and plugging in the explicit forms of the polynomials F^Q^(n),F^g-j(n),F|,Q^(n) given in the Ap- 
pendix. 

1.5 The class expansion problem 



Theorem 11.11 demonstrates a close connection between correlation functions of CUE matrix 
elements and class expansion of symmetric functions in JM-elements. The latter is a subject of 
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independent interest in algebraic combinatorics. For example, Lascoux and Thibon [32] have 
considered the class expansion of power-sum symmetric functions and a closely related 

problem was treated recently by Goulden and Jackson [25]. A new perspective is initiated in 
forthcoming work of Lassalle [31j . 

A large part of the present article is concerned with the class expansion problem for its own 
sake. We present a structured development of the fundamental properties of the class coefficients 
Gfi{f,n.) : polynomiality, vanishing criteria, and an explicit formula for "top" class coefficients, 
which are independent of n. Interestingly, the formula for top class coefficients involves certain 
refinements of the Catalan numbers which have previously been considered by Haiman and 
Stanley [17] in rather different contexts. 



2 Notation and terminology 
2.1 General notation 

We use the notation [n] := {1, . . . ,n}. Thus [N]^"^^ denotes the set of all functions i :{!,... ,n}—> 
{!,..., AT}. 

If P is a logical condition which may be either true or false, we freely use the Iverson-Knuth 
bracket 



1, if P true 
0, if P false 



(2.1) [P] 
in place of the Kronecker delta, though the Kronecker delta is also used when convenient. 



2.2 Partitions 

A partition is a weakly decreasing sequence A = (Ai, A2, • • • ) of non- negative integers such that 
Aj = for all but finitely many i > 1. The non-zero Aj are called the parts of A; the number 
of parts is denoted and called the length of A. We often identify A with the finite sequence 
(Ai, . . . , A£(;^)) of its parts. The size of A is the sum of its parts: 

i>l 

The weight of A is by definition 

wt(A) = \x\+e{x). 

This non-standard definition of the weight of a partition is borrowed from ^19j . 

Given a partition A, its reduction A is obtained by subtracting one from each part of A. 
Thus if /i = A, the size of /j, is = |A| — ^(A). For any n > 1, the map A 1— s- A is a bijection 
between partitions A of size n and partitions /x of weight at most n. The inverse map fx 1— > 
{fxi + 1, . . . , + 1, 1'^-wtCA*)) will be called the inflation of /i to a partition of size n. 
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2.3 Symmetric group, group algebra, class algebra 

S{n) denotes the symmetric group on [n] = {1, . . . , n}. C[5(n)] denotes the algebra of functions 
/ : S{n) C under convolution 

(/*ff)(vr)= E /(^^M^T-V), 

o-GS(n) 

which we identify with the algebra of formal C-linear sums of permutations with the multipli- 
cation 




Although it is not immediately obvious from definitions, the CUE correlators (|1.2|) are in fact 
rational numbers, and one could therefore take Q as the ground field instead of C. 

The center of C[5(n)] is denoted Z{n) and called the class algebra of S{n). To each vr G S{n) 
one assigns a partition A = (Ai,A2,...) of size n which records its cycle-type: vr is in the 
conjugacy class Cx if and only if its disjoint cycle decomposition consists of a cycle of length 
Ai followed by a cycle of length A2, etc. The indicator function of Cx is the sum X^j^g^A ^ 
{SttsCa ^-1-^1= ''^l is a canonical basis of 2{n) called the class basis. 

The symmetric groups form an inductive chain 

S{1) C S{2) C • • • C Sin) C . . . , 

where S{n) is embedded in 5(n + 1) as the set of permutations which have n + 1 as a fixed point. 
The inductive limit 

S{oo) = lim 5'(n) 

of the symmetric groups with respect to the natural embeddings is called the infinite symmetric 
group. Concretely, ^(oo) consists of permutations of the set of positive integers which fix all but 
finitely many points. The conjugacy classes of 5(00) are indexed by partitions /i as follows. 
A permutation vr G S{n) is of reduced cycle-type fi if fi = X for some partition A of size n, and A 
is the cycle-type of vr. Reduced cycle-type is invariant under the embedding S{n) ^ S{n + 1). 
We denote by Cf^{n) the class of all permutations in S{n) of reduced cycle-type fi, and set 

c,= \J 

n>l 

The are the conjugacy classes of S{oo). 
Define 

7rgC^{n) 

Thus Cf^{n) is the indicator function of C^{n). We have c^(n) = if wt(/i) > n, while 

{c^(n) : wt(/i) < n} 

is precisely the class basis of Z{n), parameterized by partitions which label conjugacy classes in 
S{oo) rather than conjugacy classes in S{n). Note that if vr is a permutation of reduced cycle type 
H, then is the minimal number of factors present in a factorization of vr into transpositions. 
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2.4 Symmetric functions 

With respect to symmetric functions, we mostly follow the notation of [33] and |49l Chapter 7]. 

S{oo) acts on the algebra of formal power series C[[2;i, X2, . . . ]] in countably many commuting 
indeterminates by permuting variables: 

TT • f{xi,X2, ■■■) = a:^(2), • • • )• 

Given a partition A = (Ai,...,Afc), the monomial symmetric function of type A is the sym- 
metrization of the monomial 

Ai Afc 
■^1 • • • -^fc ' 

i.e. the sum of all elements in the orbit of this monomial under the action of S{oo) on 
C[[xi, a;2, ...]]. Thus 

(2-2) rn^ = j-r ^^^X)\ ^ ^^(i)^52) • • • ^^(fc)' 

where mi{\) is the multiplicity of i in A. The algebra of symmetric functions is the subspace 
A of C[[xi, X2, . . . ]] spanned by the m\ as A ranges over all partitions. One verifies that A is in 
fact an algebra. 

The elementary symmetric function of degree k is defined by = m^j^fc), i.e. 



(2.3) ek= Yl 



ii<i2<-<ik 

with 60 = 1. The elementary symmetric functions have the generating function 

(2.4) E{t) = Y,ekt'' = l[{l + txi), 

k>0 i>l 

with t an indeterminate independent of the Xj's. The complete symmetric function of degree k 
is defined by hk = E|A|=fc"^A, i-e- 

(2.5) /ifc — ^ ^ Xi-^ ■ ■ ■ Xi^ , 

ii<i2<---<ik 

with ho = 1. The complete symmetric functions have generating function 

(2.6) H{t) = Y,hkt^ = \{{l-tXi)-\ 

Finally, the power sum symmetric function of degree k is defined by pk = m(^j^^, i.e. 

(2.7) Pk = Yxt 

i>l 
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Given a partition A, define 
(2.8) ex = llex^. 

i=l 

The symmetric functions hx and p\ are defined analogously. Each of the sets {ex}, {hx}, {px} 
is a basis of A. Equivalently, 

A = C[ei,e2, . . .] = C[/ii,/i2, • • •] = C[pi,p2, ■ ■ ■]■ 



3 Integration formula and Jucys' theorem 

In this section we present a general integration formula to compute the CUE correlators (|1.2|) 
for any values of n and N. This formula reduces to the Wick-type rule (jl.Sp for N > n, but also 
remains valid in the unstable range N < n. We essentially follow the invariant theory approach 
due to Collins and Sniady [13] . A new feature is the use of a result of Baik and Rains [1] which 
removes the usual difficulties associated with N < n. 

3.1 Integration formula 

Recall that a permutation a € S{n) is said to have a decreasing subsequence of length k if there 
exist indices 

1 < ii < i2 < ■ ■ ■ < ik < n 

such that 

a{ii) > a{i2) > • ■ • > cr(ifc). 

Given > 1, let SN{n) denote the set of permutations in S{n) which have no decreasing 
subsequence of length + 1. Impose the reverse lexicographic order on S^in), so that the 
identity permutation is minimal, and define the |S'Ar(n)| x |S'7v(?t.)| matrix 

(3.1) G = (Ar#(--^)),,,,5^(,), 

where ^^(vr) denotes the number of cycles in the disjoint cycle decomposition of vr. 

Theorem 3.1. For any n,N > 1 and any indices i,j,i',j' G [A^]["], G is invertible and we have 

fT,Te5]v(n) 

Note that the matrix plays roughly the same role as the covariance matrix in the usual 
Wick formula for Gaussian random variables — in the stable range N > n the {a, r)-entry of 
is precisely the permutation correlator {uiiUi^t—i(^i^ . . . UnnUnaT-^(n))N- 
Let us illustrate Theorem 13. II bv working out the correlation functions for n = 1, 2. 
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Example 3.1. Suppose first n = 1. Then G = (N) and we have 

[i = i'][j=j'] 



{y'i(i)j(i)Ui'(i)j'(i))N 



N 



Now suppose n = 2. If = 1, then S'Ar(2) consists of only the identity permutation and 
G = (1). We thus obtain 

{Ui(l)j{l)Uif(^l)j>(^l)Ui(^2)j{2)Ui'(2)j'{2))N=l = [i = = f] = 1, 

where the last equality follows from the fact that there is only one function from {1,2} to {1}. 
If iV > 2, then Sn{2) = S{2) and 



iV2 N' 
N iV2 



1 -1 



N'^-l N{N'^-1) 
N{N'^-l) N'^-l 



and thus 



{Ui(l)j(l)Ui>^l)j>^l)Ui^2)j{2)Ui'(2)j'i2))N 

^ [i = i'cr] [j = J V] + [i = i'r] [j = j'r] _ [i = i'a] [j = j'r] + [i = i'r] [j = j'a] 
iV2 - 1 iV(iV2 _ 1) 

with a = (1)(2) and r = (12). 

In the stable range N > n, the Wick-type rule (jl.Sp stated in the Introduction follows 
immediately from Theorem 13.11 

Corollary 3.2. For N >n and any indices i,j,i',j' G [A^]'"!, we have 

n '^mj{k)Ui'(k)j'{k)) = X] ( X] = i'cr][j = j'r] j <f n ^kkUk-n(k) 
k=l 7re5(n) ^(Tr-l=7r ^ ^ fc=l 



N 



Proof. Choose i = j = i' = idn and j' = vr in Theorem 13. 1[ □ 

In particular, according to the above example we have 

1 -1 

(3.2) {unUuU22U22)N = -rp^ r, {uuUi2U22U2l) n 



for N > 2. These values were first computed by Creutz in { 15j using a diagrammatic method, 
and it is interesting to compare the two techniques. 

We give only a sketch of the proof of Theorem 13. H referring the reader to the work of Collins- 
Sniady [13] and Collins-Matsumoto [12] for a more detailed treatment. We also point out that 
analogous integration formulas are available in much more general contexts [2 [3l [6] . 

Let A^(A^) denote the C- vector space of N x N complex matrices, with ordered basis 
(-Ell, . . . , -BiAT , £'21 , • • • , E2N, • • • , Ej^i, . . . , Ej^j\f) consisting of the elementary matrices. Con- 
sider the operator avu{N) £ End(A^(A^)®") which averages over the nth tensor power of the 
adjoint action oiU{N) on M{N), 



avuiN)iT)= [ u^^nu*) 

JU(N) 



dU, 

U{N) 
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and let P be the matrix of ayu{N) with respect to the basis (X) • • • E,i(^n)j{n)j where 

i,j G [A^]f"l. One may check directly that the entries of the A^^" x A^^" scalar matrix P are 
precisely the correlation functions (jl.2p : 

= (^j(l)i(l)^j'(l)i'(l) ■ • • Ui(n)j(n)Ui'(n)j'{n))N- 

On the other hand, the averaging operator is the orthogonal projection of A^(A^)®" onto the 
space of intertwiners 

Cn{U{N)) = {T : (C^)®" ^ (C^)®'^ I C/®"r = TC/®" (VC/ € U{N))}. 

In the general setting of a finite dimensional inner product space {V, (•!•)), one may compute 
the matrix P of the orthogonal projection of V onto a given subspace W with respect to a given 
basis B via the formula 

(3.3) ^= Yl l^i)K-|(G~'ki, 

where {wi, . . . , is a basis of VF, are the coordinates of Wi in B, and G is the Gram matrix 

G = {{Wi\Wj))i<ij<m- 

Recall that the Gram matrix associated to a given set of vectors is invertible if and only if the 
vectors are linearly independent. One would like to apply this technique in order to determine 
the correlation matrix P, and this requires knowledge of a basis of Cn{pl{N)). A classical result 
which goes back to Brauer is that the intertwiners 

span Cn{U{N)). Unfortunately, the T^r are linearly dependent in the unstable range N < n, and 
the associated Gram matrix is singular. This is the underlying reason for the De Wit-'t Hooft 
anomaly. This issue can be resolved via the following result of Baik and Rains. 

Theorem 3.3 (Theorem 8.2 in [Ij). For any positive integers N,n, the set {T^ : vr G Siyin)} is 
a basis ofCn{U{N)). 

The Gram matrix associated to this basis is given by ()3.ip . see |12l [T3] (or [6] for a more 
general statement). Theorem 13.11 thus follows by applying the general projection formula ()3.3p 
and extracting the (i, j, j')-entry of P. 

3.2 Jucys' theorem 

For z € C consider the matrix 

(3.4) G{z) = {z*^-^''\^,^s(ny 

Thus for A^ > n, G = G(A^) is the Gram matrix which appears in Theorem 13. 1[ It follows 
that G(A^) is invertible when A^ > n. In fact, the zeroes of detG(z) are located at the integers 
-(n-l),...,(n-l). 
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Proposition 3.4. We have 

n-l 

detG(z) =z''° Yl{z^-k^T^ 

k=l 

where the exponents aj. are positive integers satisfying 

n-l 



^Ofc = n 



fc=o 



ni 



The proof of Proposition 13.41 is delayed until Section [6l when we discuss Jucys' result on the 
eigenvalues of JM-elements in irreducible representations. One may note a certain similarity 
between Proposition 13.41 and the main result of [9]. 

In this subsection we show that G{z) is the matrix of 

n 

{Z + Ji)...{z + Jn) = ek{^n)z''~^ 
k=0 

in the left regular representation of C[S{n)], with respect to the permutation basis. The proof 
is based on the explicit computation of efc(H„) originally due to Jucys [28j, see also [171 131] . 

Proposition 3.5 ([28]). For any k > 0, 

(3.5) efc(H„) = ^ c^(n). 

Proof. Consider first the case k > n. Then it is clear from (j2.3p that efc(H„) = 0, since each term 
in the sum defining efc(H„) is a product of k distinct factors and the alphabet H„ only contains 
n — 1 non-zero elements. Moreover, if > n then wt(/i) > n + 1, and hence the conjugacy class 
Cfj_{n) is empty and c^(n) = 0, whence the sum on the right hand side of (|3.5|) is 0. Thus the 
claim holds for k > n. 

Now suppose < A; < n — 1. Then 



a. 



\fi\=k o-G5(n) 

To prove that (j3.5|) holds in the range 0<A;<n — Iwe proceed by induction on n. 
If n = 2, then ei(H2) = J2 = (1,2) and the claim is trivial. 

Let n > 2 and suppose that (j3.5p holds true for efc(H„_i) with any k. We define the projection 
Pn from S{n) to S{n — 1) by 




if a{i) 7^ n 
if a{i) = n, 



for a G S{n) and 1 < i < n — 1. In other words, Pn{(^) is defined to be the permutation whose 
cycle decomposition is obtained by erasing the letter n in the cycle decomposition of a. For each 
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r € S{n — 1), we have P~^{t) = {r(s,n) | 1 < s < n— l}U{r- (n)}. Here T-{n) is an image under 
the natural injection S{n — 1) S{n). Observe ^{T{s,n)) = #(t) and #(r • (n)) = #(t) + 1. 
Thus, the right hand side on ()3.5p equals 



n-l 

reS(n-l) aeP-'^ir) TG5(n-l) re5(n-l) s=l 

#{cr)=n-k #(T)=n-l-fc #(T)=n-k 

By the induction hypothesis, the first sum on the right hand side equals e^iJi, • • • , Jn-i) Since 
(xi, . . . + efc_i(xi, . . . we obtain the equality ([33]) for n. □ 

Proposition 13.51 has the following important corollary. 

Corollary 3.6. For any / G A, = /( Ji, J2, . . . , J„, 0, 0, . . . ) G 

Proof. Since A = C[efc : = 1, 2, . . . ], this follows from Proposition 13.51 □ 
Remark 3.1. Farahat and Higman [20j have shown that the class sums 

Ofc = E < k < n - I, 

\n\=k 

generate Z{n): Z{n) = C[ao, . • • ,a„_i]. Jucys' result (Proposition 13. 5p says that = ejt(H„). 
Thus we have 

Z{n) = I / G A}. 

Proposition 3.7. G(z) is the matrix of {z + Ji) . . . (z + J„) in ^/le Ze/t regular representation of 
C[S'(n)], wzi/i respect to the standard basis. 

Proof. By Proposition 13.51 we have 

n 

{Z + Ji)...{z + Jn) = E Z'^'^eki^n) 
k=0 
n 

= E^""' E ^/^w 

fe=0 \tJ-\=k 

= E ^""'^'^/^(^) 

wt(/i)<n 
(TG5(n) 



For any r G S{n), we have 



■o-GS(r),) ^ crGS(n) (TGS(n) 



□ 
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3.3 expansion 

By Proposition 13.71 + "^i) ■ ■ ■ {z + Jn) is an invertible element of C[S{n)] provided z {—{n — 
1), . . . , (n — 1)}. The inverse element is a generating function for complete symmetric functions 
of Jucys-Murphy elements: 

(3.6) (. + J,)-- ...(.+ j„)- = (zi)^;^. 

fc>0 

Consequently, we have the following. 

Theorem 3.8. Let vr € S{n) he a permutation of reduced cycle-type fi. For any N > n, 

^ {-l)^F':{n) 

fc>0 

Proof. From (|3.6p and the definition of F^{n) = G^{hk,n), the multiplicity of c^{n) in (iV + 
Ji)-i...(iV + J„)-i is 

1 (-l)feF^^(n) 
TV" ^ ATfe 

fc>0 

On the other hand, by Proposition 13.71 this multiplicity is also the (id^, vr)-entry of G~^, which 
according to Corollary 13.21 is the permutation correlator (niiUx7r(i) • • • "UnnUn-win)) N ■ D 



4 Class coefficients and connection coefficients 

Theorem 13.81 shows the importance of understanding the coefficients F^{n) = G^{hf:,n). In this 
section, we develop fundamental properties of class coefficients G^{f, n) which hold for arbitrary 
symmetric functions /. Many of these properties are analogous to well-known features of the 
connection coefficients of the class algebra Z{n). 



4.1 Connection coefficients 

It is a result of Farahat and Higman [20j that the connection coefficients of Z{n) depend poly- 
nomially on n. 

Theorem 4.1 (Farahat-Higman [20J). There exist polynomials A^p{t) € Z[t] indexed by triples 
of partitions such that 

c„(n)c/3(n) = A[^^(n)c^(n) 

wt{fi)<n 

for any n > max(wt (a), wt (/?)). 

Clearly, the above polynomials are uniquely determined by this property. 
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Example 4.1 ([S])- For n > 4, 

C(i,i)(^)«^(2)("') = 4c(3,i)(n) + C(2,i,i)(n) + 5c(4)(n) + 3(n - 3)c(2)(n) + 4(n - 4)c(i^i)(n). 
That is, 



The following well-known proposition is also due to Farahat and Higman |20j . 

Proposition 4.2. In order that yl^^(t) is not the zero polynomial, the following conditions are 
necessary: 

1. 1^1 < |a| + \I5\. 

2. 1^1 = \a\ + mod 2. 

When = |q| + the polynomial A^p{t) is of degree zero, i.e. it is a constant. This 
integer is called a top connection coefficient. For top connection coefficients, there is the 
following additional vanishing criterion. 

Proposition 4.3. A necessary condition for the top connection coefficient A^^ to he non-zero 
is that a U /3 is a refinement of fji. 

4.2 Class coefficients 

The Farahat-Higman theorem (Theorem 14. ip together with Jucys' evaluation of Cki^n) (Propo- 
sition [33]) implies that class coefficients are also polynomial. 

Theorem 4.4. Corresponding to each symmetric function / € A there exist polynomials G^{f, t) G 
C[t], indexed by partitions, such that 




{1,1),{2) 



(t)=5 



/(S„)= Yl G^if,n)c,{n) 



wt{fi)<n 



for all n > 1. 



Proof. Since A = C[ei, 62, . . . ] there exists a polynomial, say pf, such that 



'k 



) 



for some elementary symmetric functions Ci 



. . . , Cij. . By Jucys' theorem we have 




and the result now follows from the Farahat-Higman theorem. 



□ 
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We have the fohowing vanishing criteria for the polynomials G^{f,t), analogous to the con- 
nection coefficient case. 

Proposition 4.5. Let / € A. /n order that G^{f,t) is not the zero polynomial, the following 
conditions are necessary: 

1. < deg/. 

2. = deg / mod 2. 

Example 4.2. For any n > 1, 

/i3(H„) = 5c3(n) + 2c(2,i)(n) + C(i3)(n) + ^(n^ + 3n - 8)c(i)(n). 
Further examples are given in the Appendix. 

Remark 4.1. A formal proof of Proposition 14.51 is given in subsection 15.31 below. Note however 
that it is quite easy to see why this assertion holds. Indeed, assuming that / G A is homogeneous 
of degree fc, the computation of G^{f,n) corresponds to a constrained factorization problem in 
S{n), which asks for the number of factorizations of a permutation vr of reduced-cycle type n 
into k transpositions with constraints imposed by /. For example, the computation of F^{n) = 
Gf^(hk, n) corresponds to the number of factorizations 

TT = . . . {Sk-,tk) 



of vr € G^{n) into transpositions meeting the constraints Si < ti for \ < i <k and ti < ■ ■ ■ <tk- 
Thus the vanishing conditions listed above correspond to the fact that is the minimal length of 
any factorization of tt into transpositions, and that tt is either an even or an odd permutation. We 
will see in Section [5] how this interpretation leads to an explicit formula for top class coefficients, 
which correspond to constrained factorizations of minimal length. 

Corollary 4.6. Let vr G S{n) he a permutation of reduced cycle type /U. Then 

Proof. It has already been shown (Theorem 13. 8|) that 

\ ^{-l)''FJk,n) 

N ( UiiUi^(i) . . . UnnUnnin) ) =2^ 77% • 



N 



k>0 



By Proposition \4:.5\ non-zero coefficients are of the form pji^^^'^^^n) for g > 0, and the result 
follows. □ 
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5 Top class coefficients and first order asymptotics 

By analogy with connection coefficients, t) is called a top class coefficient when \fi\ = deg /. 

In this section we prove that, like top connection coefficients, top class coefficients are degree 
zero polynomials in t, i.e. they are constants. Observe that in order to prove this, it suffices to do 
so for a linear basis of A, and for this purpose we select the basis {mx} of monomial symmetric 
functions. We will give an explicit formula for the top class coefficients in the expansion of 
mxCEn) in terms of certain refinements of Catalan numbers. These refined Catalan numbers 
have previously been considered by Haiman [26] and Stanley [17] in different contexts. In 
this way we show that the top class coefficients in the expansion of are products of 

Catalan numbers, and thus obtain a combinatorial proof of the first order asymptotics (|1.6|) 
of permutation correlators. We also give an analogue of Macdonald's result for top connection 
coefficients [21] by realizing top class coefficients as a transition matrix between two bases of the 
algebra of symmetric functions. 

5.1 Explicit formula for top class coefficients 

Let Catr = (^^) be the rth Catalan number: 



r 





1 


2 


3 


4 


5 


6 


7 


8 




1 


1 


2 


5 


14 


42 


132 


429 


1430 



It is well known that Catalan numbers satisfy the recurrence 

r-l 
q=0 

As of August 11, 2009, the Catalan numbers have at least 173 known combinatorial interpreta- 
tions, see [m Exercises 6.19] and the Catalan addendum\50\. 

We will use the following interpretation of the Catalan numbers. For a positive integer k, 
let <E{k) be the set of all weakly increasing sequences (ii, . . . , i^) of A; positive integers satisfying 
ip ^ P for 1 < p < k — 1 and ik = k. For example, 

G:(3) = {(123), (133), (223), (233), (333)}. 

Then, as proved in ^5.41 (see also [49, Exercises 6.19 (s)]), the cardinality of ^{k) equals Cat^. 
Let (zi, . . . , ik) be a weakly increasing sequence of k positive integers. We say that (zi, . . . , ik) 
is of type A h A: if A = (Ai, A2, . . . ) is a permutation of (61, 62, • • • )) where, for each p > I, bp is 
the multiplicity of p in {ii, . . . ,ik). 

Example 5.1. The sequences (1233), (1334), and (1134) are of type (2, 1, 1), while the sequences 
(444477799), (555669999) are of type (4,3,2). 

Definition 5.1. Given a partition A h fc, the refined Catalan number RC(A) counts sequences 
(ii, . . . , ik) in (B{k) of type A. For convenience, set RC(A) = 1 if A is the empty partition. 
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Example 5.2. The four sequences (1444), (2444), (3444), (3334) in (B{4) are all of type (3,1), 
and indeed RC(3, 1) = 4. We have RC{k) = RC(l^) = 1. 

Proposition 5.1. The sum o/RC(A) over k equals Cat^; 

^RC(A) = Catfc. 



Ahfc 



Proof. This is a direct consequence of the fact that [2;(A;)| = Cat^. 

Example 5.3. We give some examples of RC(A) for small |A|. 
EAhfcRC(A) = Catfc. 



□ 



■'SUM" stands for the sum 



A 


1 


RC(A) 


1 



A 


2 


1^ 


SUM 


RC(A) 


1 


1 


2 



A 


3 


21 


1=^ 


SUM 


RC(A) 


1 


3 


1 


5 



A 


4 


31 


2^ 


21^ 


l4 


SUM 


RC(A) 


1 


4 


2 


6 


1 


14 



A 


5 


41 


32 


31^ 


2^1 


21^ 


is 


SUM 


RC(A) 


1 


5 


5 


10 


10 


10 


1 


42 



The explicit expression of RC(A) is known and given as follows. See 
and §4.1]. 



and also 



52.6 



Proposition 5.2 (|47j). Given a parition X, 

lAl' 

RC(A) : ' ' 



1 



+ 1 



mx 



(ll^l+i). 



□ 



x\-i{x) + ly.u^>lm{xy. 

Here mj(A) is the multiplicity of i in X = (Ai, A2, . . . )• 

Note that RC(a™) = (a-iW+i CwT) often called a higher Catalan number or sometimes a 

= Catm.. 



(a— l)m+l \ m 

Fuss-Catalan number. In particular, RC(2 



Definition 5.2. Given two partitions X, fi \- k, we define the set 9\{X, fj.) of sequences of parti- 
tions by 

9^(A,/i) = {(A(i),A(2),...,aW^))) I A(*)h/ii (l<i<%)), A = aWuA(2)u---UA^('^)}. 

Here A^^) U A^^) U • • • U A^*^^^ is the partition obtained by rearranging the juxtaposed sequence 
of parts of the partitions A*^"*^-*, A^^\ . . . , A^*^''^ in weakly decreasing order. If 1H(A, //) / 0, we say 
that A is a refinement of fi. 

The following statements follow immediately: 

• 9\{X, (k)) consists of one element (A); 

• 9\{X, (1^)) consists of one element ((1), (1), . . . , (1)) if A = (l'^), or is empty otherwise; 
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• 5K((A;),/i) consists of one element {(k)) if fi = (k), and is empty otherwise; 

• $n((l^),/i) consists of one element {1^^ ),..., {l^^^'^)); 

• Suppose £(A) = i{fi). Then 9^(A, ^) consists of one element ((Ai), (A2), (A^(;^))) if A = 
and is empty otherwise. 

• 9^(A, /i) = unless X < fi. Here < stands for the dominance partial ordering: X < ^ <^ 
Ai + • • • + Aj < /xi + • • • + //j for alH > 1. (This is seen in [3.3-, I (6.10)].) 

Example 5.4. The set 9^((3, 2, 2, 1), (5, 3)) consists of two elements given by ((3, 2), (2, 1)) and 
((2, 2,1), (3)). □ 

We are now ready to state our formula for top class coefficients. 

Theorem 5.3. Let /x, A be partitions, |//| = |A|. Then the top class coefficient L^{t) = G^j,{m\, t) 
is given by 

(5.2) L^^{t)= RC(A«)RC(A(2))...RC(aW'^))). 

(A(i),A(2),...,A(«(M)))g<K(A,M) 

In particular, = L^{t) is independent oft, and is zero unless X is a refinement of ^. 
Observe that for A, /i h k, 

-^(fc) = I^C!(A), L^-^fe) = 5;^ (ife), L(f) = (5^ (fc), L^,^ ) = 1, L\ = '^- 

The equality L/j = 1 is compatible with Proposition 13.51 

As we saw in the previous subsection, unless X < fj,, 9\{X, fi) = (see [331 1-6 (6.10)]), and 
hence = 0. The matrix {L^)x ^\-k is therefore strictly lower unitriangular in the sense of \33\ 
1-6]. 

We give the proof of Theorem 15.31 in the next subsections. The numbers for X,ii\-k for 
k <7 are tabulated in the Appendix. 

Example 5.5. By Example 15.31 Example 15. 4^ and Theorem 15.31 we have 

J^'^^ = RC(3, 2)RC(2, 1) + RC(2, 2, 1)RC(3) = 5 x 3 + 10 x 1 = 25. 

5.2 First order asymptotics of correlation functions 

Recall that we have defined -F^'(t) = G^j(^fci t)^ so that 

•wt{fi)<n 

for any n > 1. 
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Theorem 5.4. Let ji be a partition. The top class coefficient pji^^ is given by 
(5.3) i^'^l=nCaV,- 

i>l 

Proof. Let k = We have 

P'it) = = E E RC(A«)RC(A(2)) • . ■ 

Ahfc Ahfc (A{i),A{2),...)elK(A,/i) 

by Theorem 15.31 By the definition of 9^(A,/i), we see that 

□ 9l(A,^) = {(A«,A(2),...) |A«h^, (i>l)}, 

Ahfc 

SO that, by Proposition 15. H 



□ 



Remark 5.1. For the double covering Sn of the symmetric group, a result similar to Theorem 
15.41 was recently obtained by Tysse and Wang [51]. They deal with efc(M^, . . . , -M^), where the 
Mi are elements of the spin group algebra of Sn called odd Jucys-Murphy elements. □ 

Theorem l5.4l was first obtained by Murray [37; Corollary 6.4] in the framework of the Farahat- 
Higman algebra, and independently rediscovered by the second author [39j via Collins' work 
[11| on unitary matrix integrals. The proof given here is different from either of these, and is 
completely combinatorial. When combined with Corollarv 14.61 this yields a transparent combi- 
natorial proof of the first order asymptotics (|1.6|) of correlation functions. 

Corollary 5.5. Let vr E S{n) be a permutation of reduced cycle type /U. Then 

{-l)\^'\N'''+\^'\uiiU^...UnnU^)N = H ^^^1^^ 

1=1 

for any N >n. 

Proof. By Corollarv 14.61 we have 
Theorem 15.41 asserts that 



i=l 

and the result follows. □ 
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5.3 Technical lemmas 

In the next subsections we give the proof of Theorem 15.31 In this subsection several technical 
lemmas required in the proof are established. 
Define the support of fi G ^(oo) by 

supp((t) = {i I a{i) ^ i}. 

If the reduced cycle-type of a is /i, then |supp(o")| = wt(/i). 

Lemma 5.6. Given a permutation vr and a transposition {s,t), let U = 7r(s,t). Suppose that 
A = (Ai, A2, . . . ) and A = (Ai, A2, . . . ) are the reduced cycle-types ofH and tt, respectively. Then 
we have |A| = |A| ± 1. Furthermore, if |A| = |A| + 1, then supp(n) = supp(7r) U {s,t}, and s,t 
belong to the same cycle ofH. 

Proof. Given a permutation vr and a transposition the following four cases may occur: (i) 

|supp(7r) n {s,t}| = 0; (ii) |supp(7r) n = 1; (iii) s,t € supp(7r), and s,t belong to different 

cycles of vr; (iv) s,t £ supp(7r), and s,t belong to the same cycle of tt. 

For the case (i), we obtain A = A U (1) immediately. In the case (ii), we may sup- 
pose supp(7r) n {s,t} = {s}. Then vr has a cycle (. . . , s, 7r(s), . . . ), and II has the cycle 
{. . . ,s,t, it{s), . . .). Therefore A has a part equal to Xj + 1. In the case (iii), vr has two cy- 
cles of the forms (. . . , 7r~-^(s), s, 7r(s), . . . ) and {. . . ,-ir~^{t),t,7r{t), . . .). Therefore II has the 
combined cycle (. . . , 7r~^(s), s, vr(t), . . . , 7r~^{t),t, 7r(s), . . . ). Thus, a certain part A^ of A equals 
Aj -|- Aj + 1 for some I < i < j < ^(A). In the case (iv), vr has a cycle of the form 

(. . . ,7r"^(s),s,7r(s), . . . ,7r~^(t),t,7r(t), . . . ), 

and so II has divided cycles (. . . ,7t~'^{s), s,7r{t), ...) and (vr(s), . . . ,7r~^ {t),t). Thus, there are 
Aj and Aj, equal to r — 1 and Xi — r for some Aj and r > 1. 

For the case (iv), A and A satisfy the identity |A| = |A| — 1. For other cases (i),(ii), and (iii), 
we have |A| = |A| + 1. The rest of the claims are seen above. □ 

Corollary 5.7. Let a be a permutation of reduced cycle-type X. Suppose that a factors as 
(si, ii) • • • (sp, tp), where Si <ti {1 <i <p). Then \X\ < p and \X\ = p (mod 2). 

This corollary implies Proposition 14. 5[ 

If £7 is a permutation of reduced cycle-type A h r, and if a may be factored into r transposi- 
tions 

(5.4) a = {si,ti) ■ ■ ■ {Sr,tr), 

then we say that ()5.4p is a minimal factorization of a. 

Lemma 5.8. Let A h r and let a be a permutation of reduced cycle-type X. Suppose that a 
factors as {si,ti)(s2,t2) ■ ■ ■ {sr,tr), where Si < ti {1 < i < r) and 2 <ti < ■■■ <tr. Then 
supp((t) = {si, ti, S2, ^2, • • • )'Sr,tr}- Furthermore, for each i, the letters Si,ti belong to the same 
cycle of a. 
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Proof. For each 1 < i < r, define cxj = • • • It follows by Lemma 15.61 that the size 

of the reduced cycle-type of cxj must be i, and that supp(crj) = supp((Ti_i) U {sj, tj}. In addition, 
Si, ti belong to the same cycle of CTj, and therefore to the one of a. □ 

Lemma 5.9. Let t^^^ and r^^) he permutations such that i < j for all i G supp(t(^)) and 
j G supp(r(^)). Suppose that the reduced cycle-types of t^^^ and r^^^ have weights n and r2, 
respectively. Also, suppose that a := r^-^V^^^ may he expressed as a = (si,ti) • • • {sr,tr), where 
r = ri + r2, Si < ti {1 < i < r), and 2 < ti < ■ ■ ■ < tr. Then, 

r(^) = (Si,ti) • • • {Srj,tr-^), r^^) = (Sri+l,*ri+l) ' " " (Sr,tr)- 

Proof. By Lemma [5^81 we see supp(r(-^)) U supp(t'^^)) = supp((T) = {si,ii, . . . ,Sr,tr}. Since ti 
are not decreasing, there exists an integer p such that ti, . . . ,tp G supp(r(^)) and tp+i, . . . ,tr G 
supp(r(^)). Furthermore, applying Lemma [521 again, we see that Si,ti belong to the same cycle 
of fj, and so that supp(t(^)) = {si,ti, . . . , Sp,tp} and supp(t(^)) = {sp+i, ip+i, . . . , s,., t^}. In 
particular, for any i G {si, ti, . . . ,Sp, tp} and j G {sp+i, tp+i, . . . , Sr,tr}, we have T^^\i) = a{i) 
and T(2)(j) = a{j). 

Let p^^^ = isi,ti) ■ ■ ■ {sp,tp) and p^'^^ = (sp+i, tp+i) • • • (s^, tr)- Since a = p^^^ p^"^^ we have 
{si,ti, . . . , Sp,tp} = supp{p^^^) and {sp+i, tp+i, . . . , s^, tr} = supp(/>*^^)). Therefore for any i G 
{si,ti, . . . ,Sp,tp} and j G {sp+i,tp+i, . . .,Sr,tr}, we have p'^^^i) = a{i) and jO^^^j) = o-(j). This 
means r^^^ = p*-^) and t^'^^ = p^'^^ . In particular, the sizes of the reduced cycle-type of p^^^ and 
p*-^-* are ri and r2, respectively. By definition of p*-*^ and Corollary 15.71 we have ri < p and 
r2 < r — p. But r = ri + r2 so that p = ri. Therefore t^^^ = p^^^ = (si,ti) • • • (sri,trj. The 
desired expression for r^^^ also follows. □ 

5.4 Expressions for cycles 

Let a, r be non-negative integers. Define the set ^(a; r) by 

e;(a; r) = {(zi, . . . , ir) G Z** | ii < • • • < ir, ?p > a + p (1 < p < r — 1), ir = a-\- r} 

for r > 1 and let ^ (a; 0) = 0. This extends the above definition of <B{r) = 2(0; r), and the 
mapping (ii, . . . , v) '-^ (a + zi, . . . , a + v) gives a bijection from (B{r) to G;(a; r). Put 

2o(a; r) ={(ii, ... ,ir) e (£(a; r)|ip>a-hp(l<p<r - 1)}, 

(£i(a;r) ={{ii, . . . ,ir) G (J;(a;r) |ii=a+l, ip>a + p{2<p<r - 1)}, 



(£g(a;r) ={(ii, . . . ,ir) G ^{a;r) \ ig = a + q, ip>a+p{q + l<p<r - 1)}, 



(£r-i(a;r) ={(ii, . . . ,ir) G 2(a;r) | V-i =a + r -I}. 

Then we obtain the decomposition G;(a; r) = |Jg=o ^qi'^'^ each (ii, . . . , ir) G 2g(a; r) with 

< g < r — 2, we have ir-i = a + Therefore, for each < g < r — 1, the mapping 

(ii, . . . , iq, iq+i, . . . , ir) ^ ((ii, . . . , ig), (ig+1, . . . , ir-l)) 
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gives a bijection from ^q{a; r) to G;(a; q) x (B{a + q + l;r — 1 — q). Here when either g = or 
g = r — 1, we regard the set (B{a; q) x ^(a + q + l;r — 1 — q) as ^(a + 1; r — 1) or ^(a; r — 1), 
respectively. Thus, we obtain a natural identification 

e(a;r) = (So(a; r) U ^<?(«; r)) U e,_i(a; r) 

^ (S(a + 1; r - 1) U (Ug=?(^(a; q) x (B{a + q + l;r - 1 - g))) U (£(o; r - 1). 

In particular, |(£(r)| = |(£(r - 1)| + ^^^^ |g(g)||g(r - 1 - g)| + |(£(r - 1)| for r > 2. Comparing 
this equation with ()5.ip . we have |^(a;r)| = = Catr for all r > 1. 

For two positive integers a, r, we define the cycle ^(a; r) of length r + 1 by 

^(a; r) = (a, a + 1, . . . , a + r). 

For convenience, we take .^(a; 0) to be the identity permutation. The following proposition is 
the key to our proof of Theorem 15.31 

Proposition 5.10. Let ti,...,tr be positive integers satisfying 2 < ti < ■■■ < tr- The cycle 
^(a; r) may be expressed as a product of r transpositions 

(5.6) (,{a;r) = {si,ti){s2,t2) ■ ■ ■ {sr,tr), Si < ti {1 < i < r) 
if and only if 

(5.7) {ti,...,tr) £(B{a;r). 

Furthermore, for each (ti, . . . ,tr) G (B{a;r), the expression ()5.6p of ^{a;r) is unique. 
Example 5.6. Consider the cycle ^(1; 9) = (1, 2, ... , 10) and three sequences 

(3, 5, 5, 5, 8, 8, 8, 9, 10), (3, 4, 4, 7, 7, 9, 9, 10, 10), (9, 9, 9, 9, 10, 10, 10, 10, 10) 

in G;(l; 9). The corresponding expressions of ^(1; 9) are given as follows: 

(2, 3)(4, 5)(3, 5)(1, 5)(7, 8)(6, 8)(5, 8)(8, 9)(9, 10), 
(2, 3)(3, 4)(1, 4)(6, 7)(5, 7)(8, 9)(7, 9)(9, 10)(4, 10), 
(8, 9)(7, 9)(6, 9)(5, 9)(9, 10)(4, 10)(3, 10)(2, 10)(1, 10). 

□ 

Proof of Proposition \5.1(A We proceed by induction on r. When r = 1, since ^(a; 1) = (a, a + 1), 
and since C;(a; 1) consists of a sequence (a + 1) of length 1, our claims are trivial. Let r > 1 and 
suppose that for cycles of length < r + 1, all claims in the theorem hold true. 

(i) First, we suppose that the cycle ^(a; r) is given by the form (j5.6p . Then we have tr = a + r 
because tr is the maximum among supp(^(a; r)), where supp(^(a;r)) = {si,ti, . . . , Sr,tr} by 
Lemma 15.81 If we write as Sr = a + q with < g < r — 1, we have 

(si, ti) • • • {sr-i,tr-i) = {a,a + I, . . . ,a + q){a + q + l,a + q + 2, . . . ,a + r). 
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By Lemma l5.9| we see that 

{si,ti) ■ ■ ■ {sq, tq) ={a, a + l,...,a + q), 
{sq+i, tq+i) ■ ■ ■ tr-i) =(a + Q + I, a + Q + 2, . . . , a + r) . 

By the induction hypothesis for cycles of length q + 1 and of length r — q, we have {ti, . . . ,tq) € 
(B{a;q) and {tq+i, . . . ,tr-i) € <B{a + q + l;r — 1 — q). This fact and Equation ()5.5p imply 
(ti, . . .,tq,tq+i, . . .,tr-i,tr) G (£g(a;r) C (£(a;r). 

(ii) Next, we suppose {ti,...,tr) G <B{a;r). According to the decomposition (S(a;r) = 
Ug=o there exists a unique number q such that < g < r — 1 and {ti, . . . ,tr) G ^g(a; r), 
and then {ti, . . . ,tq) G C;(a; g) and (tg+i, . . . , ir-i) G <B{a + q + l;r — 1 — q). By the induction 
assumption, there exist sequences (si, S2, ■ ■ ■ , Sq) and (s^+i, . . . , Sr-i) satisfying ()5.8p . Therefore 
we obtain the expression 

C(a; r) = (si, ti) • • • {sq, tq){sq+i,tq+i) ■ ■ ■ (s^-i , tr-1 ) (o + q,a + r), 

as required. 

(iii) It remains to prove the uniqueness of the expression (|5.6|) . Assume that the cycle ^(a; r) 
has two expressions 

(Sl,tl)(s2,t2) • • • (Sr,*r) and {s[,ti){s2,t2) ■ ■ ■ is'r,tr), 

where Si,s[ < U {1 < i < r). Write as Sr = a + q and s'^. = a + q' . As we saw in the part 
(i), the sequence (ti, . . . ,tr) belongs to (Bq{a;r) n ^g'(a;r). But, since ^q{a;r) n (Bqi{a;r) = if 
q 7^ q' , we have q = q' so that = s^. Now, as like (|5.8p . we have (ti, ■ ■ ■ ,tq) G ^ (a; (?) and 
(tg+i, . . . G (£(a + g + l;r - 1 - g), and 

• • • (sg,tg) = {s[,ti) ■ ■ ■ {s'q,tq) ={a, tt + I, . . . , a + q) , 
(sg+i, tg+i) • • • {sr-i,tr-i) = (Sg+i, ig+i) " " " (4-1) =(« + q + I, a + q + 2, . . . , a + r) . 

By the induction assumption, we obtain si = s'l, . . . , Sq = s'q, Sq+i = s'^+i, • • • , Sr-i = s'r-i- ^ 
5.5 Proof of Theorem 15.31 

Recall the definition of the Jucys-Murphy elements: Jt = X]i<s<t(*'*)- -^^^ ^ permutation a G 
S'(n) and a polynomial / in n variables, denote by [cr]/(H„) the multiplicity of a in /( Ji, . . . , Jn): 

o-G5(n) 

For a partition /i with size k and length /, we define the canonical permutation cj^ of reduced 
cycle-type /i by 

£7^ =(1, 2, . . . , /ii + l)(^i + 2, . . . , /xi + ^2 + 2) • • • (/Ui H h W-i + /,..., A; + /) 

=C(1; + 2; /i2) • ■ ■ ^ (//I h W-i + /; w). 
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Proposition 5.11. Let fi be a partition ofk and let {ti, . . . ,tk) be a sequence of positive integers 
such that 2 < ii < • • • < tfc. Then [o";^] Jt^ ■ ■ ■ Jt^ = 1 ^/ (^i; • • • > ^fe) satisfies 

(5.9) 

for all 1 < i < (.{jj), and [(T^Jt^ ' ' ' -^tk =0 otherwise. 

Proof. The value [cr^]Jt-^ ' ' ' ^t^ is the number of sequences (si, . . . , Sfc) satisfying 
o-^ = ri'^^'"! ^ + ^''^'^ ^ (■sii^i) • • • {sk,tk). 

i=l 

By Lemma (521 it equals the number of sequences (si, . . . , Sk) satisfying 

H 1- + i'^f'i) = (■5/xi+--+/xi_i+i,i/xi+--+/xi_i+i) ■ ■ ■ (•s^i+...+^,;_i+^i,t^i+...+^i_i+^,;) 

for all 1 < z < ^(/i). It follows by Proposition 15.101 that ■ ■ ■ Jt^ equals to 1 if (j5.9p holds 

true for all z, and to otherwise. □ 

Example 5.7. Let 2 < ti < • • • < and consider C(3^2,i) = (1; 2, 3, 4)(5, 6, 7)(8, 9). Suppose 
[(T(3 2,i)]'/ti • • • Jtg = 1. Then, Proposition 15.111 claims 

(ti, t2, ta) G ^(1; 3), (t4, ts) G ^(5; 2), (tg) G ^(8; 1). 

Therefore, (ti, is) G {(2, 3), (2, 4), (3, 3), (3, 4), (4, 4)}, t^ = 4, t^ £ {6, 7}, t^ = 7, and te = 9. □ 

As defined above, a weakly increasing sequence (ii, . . . ,tr) is of type A h r with ^(A) = I if 
there exists a permutation (ai, . . . , a/) of (Ai, . . . , A;) such that 

ti — t2 — ■ ■ ■ — t(yi < ^ai+l — tai+2 — ' ' ' — tai+a2 ^ ^cn+a2+l — ■ ' ' . 

The monomial symmetric polynomial m-;^(H„), A h A;, is written as 

mxiEn)= Jtjt2---Jtk= Y ^■■■Y{suti)---{sk,tk). 

2<ti<-<tk<n 2<ii<---<tfe<n si=l Sfe=l 

(ti,...,tfc):type A (ti ,...,tfc):type A 

Let ^ be a partition of k. We now evaluate the coefficient L^{n) of c^(n) in mx{Ji, . . . , J„), 
which equals L^{n) = [cr^jraxiJi, . . . , Jn)- By the assumption n > k + £{fi), the permutation 

lives in ^(n). It follows by Proposition 15.111 that L^{n) is the number of weakly increasing 
sequences (ti, . . . ,tk) of type A, satisfying (|5.9|) for all 1 < i < £{n). If (ti, . . . ,tk) is such a 
sequence and if we let A^*) h /ij being the type of . . . , then A 

must agree with A^^) U A^^^ U • • • so that (A^^), A^^^, . . . ) € 9^(A, ^). Thus, L^(n) coincides with 

JJ(the number of sequences in + • • • + in-i + /Xj) of type A^*-*) 

(A{i),A{2),...)e*H(A,/i) «=1 

E ni^c(A»). 

(A{i),A{2),...)elH(A,/i) i=l 

This completely proves Theorem 15.31 
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5.6 An analogue of Macodonald's result for top connection coefficients 

Macdonald [331 Chapter 1.7, Example 25], see also [23], used Lagrange inversion to construct a 
basis {g^} of the algebra of symmetric functions whose connection coefficients coincide with the 
top connection coefficients A'^^. That is, 

(5-10) gag/3 = Yl ^af39f^ 

for any partitions a, 13, where the A'^^ are top connection coefficients. 
Example 5.8 ([24J). Corresponding to Example 14. H we have 

9{1,1)9{2) = 45(3,1) + 5(2,1,1) + %(4)- 

In this subsection we give an analogue of Macdonald's result for the top class coefficients 
: for each A; > 1 we realize the matrix (-L^)|^|=|A|=fe as the transition matrix between two 
bases of the degree k component of the graded algebra A. 

Since the elementary symmetric functions are algebraically independent and generate A, 
we may define an endomorphism : A — > A by tp{ek) = hk- This endomorphism is in fact 
involutive: ip{hk) = e^. The image fx := ip{mx) of the monomial symmetric function of type A 
under ip is known as the forgotten symmetric function of type A, see [49 1 Exercise 7.8]. 

Theorem 5.12. Let |A[ = k. Then 

{-If fx = L^g,. 
|/.|=fc 

Proof. Let 

oo 

U = t + Y^rf^^- 
r=l 

Then t can be expressed as a power series in u. Define symmetric functions /i*, r = 1, 2, . . . , via 

oo 

r=l 

From the Lagrange inversion formula, the symmetric functions h* are explicitly given by 

(5.11) /i: = (-ir j;RC(A)eA, 

where ex = ex^e^ • • • , see [371 (3.6)] and also [26], [Ml Ch. I, Example 2.24], [iT]. 
Let h\ = h\Ji\^ ■ ■ ■ . Then {h\} is a basis of A. 
Let /i be a partition of k. We will now prove that 

(5.12) i-lfh; = YL',ex, 
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and thus the matrix (-L^)|^|=|A|=fc is the transition matrix from the basis {( — l)''^'/'-^} to the basis 
{e;^} in the kth. component of A. The proof goes as follows: let I = It follows from Theorem 

[Qlthat 

"At —'''fJ.i ■ ■ ■ ""At; 

=(-1)' E E E RC(A«)RC(A(2))...RC(A«)e,a)u,(.)u...u„o 
=(-!)'' E E RC(A(i))RC(A(2))...RC(A('))eA 

Al-fc (A(i),A(2),...,A(0)g<n(A,Aj) 

=(-i)'^j;L;;eA. 

Ahfc 

Let (•, •) be the scalar product on A defined by {hx,m^) = 6\fj,. With respect to this scalar 
product, the dual bases of {h*^} and {e\} are, respectively, Macdonald's symmetric functions 
{g\} and the forgotten symmetric functions {/a}, see [33l Ch. 1.2], [331 Ch. I, Example 7.25], 
[57] . Thus (|5.12|) is equivalent to 

(5.13) (-1)Va = E^m9m> Ahfc. 

/ihfc 

□ 



6 Non-top class coefficients and sub-leading asymptotics 

The significance of Theorem l5.12l is that the top class coefficients L^, which were initially defined 
in terms of symmetric functions evaluated on JM-elements, have now been realized as part of 
the intrinsic structure of the algebra A. In this way we see that first order asymptotics of CUE 
correlators are native to the structure of A, independent of any reference to the JM-elements. 
These facts have been established using nothing other than the definition of the JM-elements 
and their remarkable symmetry properties. In order to give such an encoding of non-top class 
coefficients, which correspond to sub-leading asymptotics of CUE correlators, we are obliged to 
consider the spectral properties of JM-elements in irreducible representations of S{n). 

6.1 Eigenvalues of Jucys-Murphy elements 

Let A be a partition of size n, and let denote the irreducible S'(n)-module labelled by A, with 
the corresponding character evaluated on a permutation vr € S{n) of (non-reduced) cycle 
type u. We write dim A = ^or the dimension of V^, and recall that dim A is given by the 

hook-length formula ^22j 

n' 

(6.1) dimA = — , 

-Ha 

where Hx is the product of the hook-lengths over the cells of A, viewed as a Young diagram. 
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In Section [3] we reproduced Jucys' result that fi^n) G ^l'^) fo'^ ^"^Y symmetric function 
/ G A. As a direct consequence of this fact (and Schur's lemma), /(H„) acts in V'^ as a scalar 
operator. The eigenvalue of fC^n) in was determined by Jucys [28], who obtained the 
following result. 

Given a partition A, viewed as a Young diagram, the content of a cell □ S A is the column 
index of □ less the row index of □. Denote the content of a given cell by c(n), and let A\ = 
{{c(n) : □ G A}} be the content alphabet of A. Let {ex} be the Young-Gelfand-Zetlin basis of 
V^, labelled by the set of standard Young tableaux of shape T (see [.43j). The following result 
is due to Jucys; a complete proof may be found in [40j. 

Theorem 6.1 ([28j). For any 1 < k < n and any standard Young tableaux T of shape A, 



in V \ where CT{k) is the content of of the cell labelled k in T. 

Theorem 16.11 savs that the Young basis {ey} is a common eigenbasis for the JM-elements in 
the irrep V^, with corresponding eigenvalues determined by contents. 



One corollary of Theorem 16.11 is Proposition 13.41 which gives the zeroes of the polynomial 
detG(2). 



A second consequence of Theorem 16.11 is the eigenvalue of /(S„) in V^. 
Corollary 6.2 ([28j). For any symmetric function / € A, the eigenvalue of f{^n) in is 



Jk- er = CT{k)eT 



Proof of Proposition \3.4\ This is a direct consequence of Proposition 13.71 Theorem 16. H and the 
isotypic decomposition 



C[5(n)] ~ 0(dimA)y- 



of the group algebra. 



□ 



f{Ax). 



Corollary 16.21 and the expansion 




dim A 



together imply the character expansion 



(6.2) 




(dim A) 



for any / G A. 
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6.2 Application: Plancherel averages 

In the next subsection, we will use the simultaneous diagonalization of JM-elements in irreducible 
representations to obtain the character expansion of permutation correlators. Before moving on 
to this, let us combine the spectral properties of JM-elements with the polynomiality property 
established in Theorem 14.41 to give a new proof of a recent result of Stanley ^48j and Olshanski 
[44| on the polynomiality of certain Plancherel averages. 

The Plancherel measure ^„ is a probability measure on the set of partitions {A : |A| = n} of 
size n. It is defined on singletons by 

(6.3) ?!„({A)) = ^-^^ 

Stanley [38] and Olshanski [13] have shown that for any symmetric function / € A the Plancherel 
average 

(6.4) if {A,)) = /(A,)^„({A}) 

A|=n 

is a polynomial function of n. This may be seen by setting /i = (0) in the following result. 
Theorem 6.3. Let n be a partition. There exists a polynomial K^{t) £ C[t] such that 

|A|=n 

for all n > wt{fj,), where v is the inflation of fi to a partition of size n. 

Proof. This follows directly from Equation ()6.2p together with Theorem l4.4l on the polynomiality 
of class coefficients. Alternatively, one could prove this result by a slight generalization of 
Olshanski's methods in EH. □ 



6.3 Character expansion and exact formulas 

Let ^ be a partition, and consider the generating function 

(6.5) ^,(z;n) = Y,F^{n)z'. 

k>0 

Note that Theorem 13.81 then reads 

(6.6) (Uiini^(i) . . . UnnUnn(n)) N = iV""^>^(- ; n) , 

where vr € S{n) is a permutation of reduced cycle-type ^. 
Proposition 6.4. Let fi be a partition. We have 

for all n > wt(/u), where v is the inflation of to a partition of size n. 
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Proof. Consider the generating function 



fc>0 

as a formal power series over the class algebra Z(n). We then have 



A;>0 Ahn 



$(z;n) = ^ ^ hk{Ax) ^x^k ^ (|6.2p and the hook-length formula 



Ahn ^ A:>0 



,,„^AnneA(l-c(n)^) 
Thus for any particular partition z/ h n we have the generating function 

as a formal power series over C, where /i = is the reduction of v. □ 



Corollary 6.5. For N > n and vr € ^(n) a permutation of reduced cycle-type fi, we have 

^ ^A 

where v is the inflation of fi to a partition of size n. 

Note that Propostion 16.41 implies that the generating function $^(2;;n) is rational. It can be 
explicitly obtained in a couple of cases thanks to the following result of Diaconis and Greene 

A Young diagram A is referred to as a hook if it is of the form A = {r,V' for some 
< r < n, where n = |A|. The trivial and alternating representations A = (n) and A = (1") are 
both hooks, as is, for example, the partition (4, 1,1). We will refer to A as an almost-hook if it 
is of the form A = (r, 2, i"-''-^^ fpj. gome 2 < r < n — 2. An example of an almost-hook diagram 
is the partition (5, 2, 1, 1, ). The following lemma was proved by Diaconis and Greene [T7] using 
properties of the JM-elements (note that Part 1 of the Lemma is classically known). 

Lemma 6.6 (|17j). Consider the characters of the symmetric group S{n). 

1. The character value x\n) n-cycle is unless X is a hook representation. In this case 

we have 



32 



2. The character value X('„_i i) on a permutation consisting of an [n — \)-cycle and a single 
fixed point is unless A is the trivial representation (n), the alternating representation 
(l*^), or an almost-hook representation. In the latter case, we have 

(r,2,l"-'-2) _ . .n-r-1 

Using Proposition 16.41 and the first part of Lemma 16.61 the generating function <I>(^_i)(2:; n) 
can be obtained explicitly. 

Theorem 6.7. For any n>2 we have 

, Cat„_i ^ 

Thus we have the following exact formula for cyclic permutation correlators: 

, _ , (-l)"-iCat„_i 

(nnUi2 . . . UnnUnl)N - ^ {N^ - l^) . . . {N^ - {n - lYY 

Proof. By Proposition 16.41 the generating function in question is given by the character sum 



Ahn 

Note that the content alphabet of a hook partition is 

A(r,ir^-r) = {-(n - r - 1), . . . , -1, 0, 1, . . . , r - 1}. 
Applying Part 1 of Lemma 16.61 we have 



which as an irreducible rational function has the form 



n"=!(i 



with An{z) = oo + aiz + • • • + a„_iz" ^ a polynomial of degree at most n — 1. On the other hand, 
we have shown in Section H] that F^^_-^^{n) is non-zero only for k of the form k = n — 1 + 2g for 

some g > 0, and in Section [S] that F^^_}-^^{n) = Catn-i • Thus 

= Cat„_i + (n)z-+i + . . . , 

so that comparing coefficients we have oq = 0, ai = 0, . . . , a„_i = Cat„_i . 



□ 
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Remark 6.1. The above exact expression for cyclic permutation correlators was first noticed 
by B. Collins in [n]. 

The numbers T(m, n) defined by the family of generating functions 

n 

(l-fe).„(l-n^.) = ^ ^<"' = ^ + 

^ ^ ^ ^ m>0 s>0 

are known as central factorial numbers. Evidently, 

where hg is the complete symmetric function of degree g. Central factorial numbers have the 
following combinatorial interpretation: T(m, n) counts the number of partitions of a set 

{1, 1', ...,m,m'} 

of m unmarked and m marked points into n blocks such that, for each block B, if i is the least 
integer such that either i € i? or i' S then Q B. 

Example 6.1. T(3,2) = 5, corresponding to the partitions 

{1,1',2,2',3,3'} = {1,1',2,2'}U{3,3'} 
= {1,1',3,3'}U{2,2'} 
= {2, 2', 3, 3'} U {!,!'} 
= {1,1',3}U{2,2',3'} 
= {1,1',3'}U{2,2',3}. 

Central factorial numbers were studied classically by Riordan and Carlitz, see j49l Exercise 5.8] 
for references. They satisfy the recurrence 

T(m, n) = n^T{m — 1, n) + T{jn — 1, n — 1) 

with initial conditions T(m, 0) = T(0, n) = 0, T(l, 1) = 1, and are given explicitly by 

Tim, n) = 2 V , ^ \„ ^ -. 

fr{ (ri - j)\{n + j)\ 

An immediate consequence of Theorem 16.71 is the following surprisingly simple formula for 
the multiplicity of the class C(„_i)(n) of full cycles in 

Corollary 6.8. For any n > 1 and g > 0, the coefficient Fj^^y^'^^ (n) is given by 

^(""'if" W = Cat„_i T{n-l+g,n-l). 
Thus the cyclic permutation correlator has the following 1/N expansion: 
I \ ^ , T(n - 1 + g,n - 1) 

(niiUi2 . . . UnnUn\)N = Cat^-l 2^ . 

<?>o 
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Remark 6.2. It would be interesting to give a combinatorial proof of Corollary \6.8\ perhaps 
by setting up a bijection between length n — 1 + 2g Jucys-Murphy factorizations of the n-cycle 
and the Cartesian product <B{n — 1) x CF{n — l + g,n — l), where the latter set consists of those 
partitions counted by the central factorial number T(n — l + g,n — l). Alternatively, the correct 
target for such a bijection might be NC{n — 1) x CF{n — \ + g,n — 1). 

Central factorial numbers are closely related to Stirling numbers of the second kind, which 
may be defined via the generating function 



{I- z)...{l-nz) 



S{m, n)z^ = S{n + g, n)z 

g>0 



n+g 



m>0 



Thus 



S{n + g,n) = hg{l, . . . ,n). 



S{m,n) counts the number of partitions of {1, . . . ,m} into n blocks, without restrictions. The 
Stirling numbers satisfy the recurrence 



S{m, n) = nS{m — 1, n) + S{m — 1, n — 1) 



and are given exactly by 
(6.7) 

The generating function 



S{m,n) = ^ 



-1)"- 



^-(j-l)!(n-j)!' 



k>0 



for the multiplicity of the class C(„_2)(n) of (n — l)-cycles can be described, via the second part 
of Lemma [621 in terms of Stirling and central factorial numbers. 

Proposition 6.9. Let n > 4, and let r he the residue of n modulo 2. Then 

i-iy 1 



+ 



n!(l + z) . . . (1 + (n - l)z) n!(l - z) ... (1 - (n - l)z) 



+ 



+ an-4Z 



n—A 



(l-z2)...(i_(n- 3)2^2) ' 
where the unique solution to the following triangular system of linear equations: 



1 

r(n-2,n-3) 1 
r(n-l,n-3) r(n-2,n-3) 1 





a,. 






O'r+2 


-2 






n! 









S{n — 1 + r,n — 1) 
S{n + 1 + r,n — 1) 
S'(n + 3 + r, n — 1) 
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Example 6.2. Suppose n = 6. Then according to Proposition 16.91 we have 



$(4)(z;6) 



+ 



+ 



6!(l + z)...(l + 5z) 6!(l-z)...(l-5z) {1 - z^){l - 4z'^){l - 9z^) 



1 0' 




ao 


-2 


"5(5,5)" 


r(4,3) 1 




"2. 




5(7, 5)_ 



where 



One computes r(4, 3) = 3'^T{3, 3) + r(3, 2) = 9 + 5 = 14, and similarly 5(7, 5) = 140. Thus we 
obtain 

1 7 



so that 

$(4)(^;6) 



"°-"360' "^-"20' 



+ 



360 ^20^ 



6!(l + 2)...(l + 5z) 6!(l-z)...(l-5z) (l-z2)(i_422)(i_922) 
142^(1 - 10^2) 

~ (1 - z2)(l _ 4^2)(l _ 922)(l _ 16z2)(l _ 25^2) 

= 14z^ + 630^*^ + 20328z^ + 580580z^° + . . . 

In terms of permutation correlators, this corresponds to the evaluation 

14(iV2 _ 



iV2(Ar2 _ i)(Ar2 _ 4)(Ar2 _ 9)(iv2 _ ie)(^2 _ 25) ' 



{{uuUi2U22U23U33U34U4AUA5y'55U5l){u66U66))N 

which is one of the rational functions obtained by Samuel 06] and Collins [10] using character 
tables. 

Proof. The proof is similar to that of Theorem 16.71 and we give only a sketch. 
The content alphabet of the alternating representation is 

= {-(n-l),...,-l} 

while the content alphabet of the trivial representation is 

A(n) = {!,•• -^n}. 

The content alphabet of an almost-hook is 

-4(r-,2,i"-'-2) = {-("- - - 1), . . . , -1, 1, . . . , (r - 1)}. 

By Part 2 of Lemma 16. 6^ we thus have 

(-ir 1 



+ 



^!nr=7(i+^^) ^!n-=i(i-i^) 



alt. 



(-1) 



triv. 

n—k 



n-2 

V 

k=2 117=1 ^(1 + ni=i (1 - jz 



almost-hooks 
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The terms corresponding to the alternating and trivial representations expand as 

i-iy , 1 



^!nr=7(i+^^) ^!n-=i(i-j^) 



while as an irreducible rational function the contribution from the almost-hooks is of the form 



Bn{z) 



nr=i(i-^v) 

for some polynomial Bn{z) = hQ + biz + ■ ■ ■ + &n-2-2"^^ of degree at most n — 2. This rational 
function expands as 



k>0 ^j+2g=k 

and thus 



E( E ajT{n-3 + g,n-3)j 



ajT{n -3 + g,n-3)= F(^„_2) (^) " ^(^(^ + A;, n) + + A:, n)) 



n! 

for A; > 0. This expression together with the fact that F^-2i^) ~ k < n — 2 and -^(^~2) — 
Cat„_2 leads to the stated triangular system of equations, half of which are redundant. One 
moreover observes using induction and the recursive formulae for S{m, n) and T(m, n) that 
an-2 = and thus the last equation may also be excluded. □ 

6.4 The algebra A* 

Let J- denote the algebra of all complex- valued functions /(A) on partitions. Consider functions 
Po,Pi,P2, ■■■ defined by 

(6.8) Uy^):=Y^c{Uf 

□eA 

for A; > 0. Note that j5o(A) = |A|, while j5fc(A) = Pki^Ax) for /c > 1, where G A is the usual 
power-sum symmetric function. The elements are algebraically independent and generate a 
subalgebra A* of T known as the algebra of shifted symmetric functions |29l UT] . The reason 
for the name is that A* may equivalently be defined as the algebra generated by the "shifted 
power-sums" 

^(A) 

pKA) = E[(^^-0'-(-0']' 

1=1 

= 1, 2, . . . , see [13 Eni mi sa E] • 

Let nhe a partition, and define a)^ € by 

(6.!.) flC.(")l3lix..t-=|A|>wtM _ 

I 0, if n < wt(^) 
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where in the first case v denotes the inflation of /i to a partition of size n. The significance of 
this definition is that Qj^iX) is precisely the eigenvalue of the conjugacy class indicator c^(n) 
acting in the irreducible representation of S{n). uJij,{X) is known as the central character of 
A at II. As the notation is meant to suggest, cD^ is an element of A*, i.e. it is a polynomial in 
the pkS. This is a fundamental result of Kerov and Olshanski [29]. 

Theorem 6.10 ([29j). For any partition ^i, the function Cj^ is an element of A*. Moreover, 
{Cj^} forms a basis of A* as ranges over the set of partitions. 

Since the pkS are algebraically independent generators of A* and the usual power sums 
are algebraically independent generators of A, we have an isomorphism A* ~ C[t,pi,p2, . . .] 
defined by po ^ Pk '-^ Pk for A; = 1, 2, ... , where t is an indeterminate independent of the 
underlying variables Xj. Denote by the image of uj^ under this isomorphism. Then {w^} is an 
inhomogeneous basis of C[t,pi,p2) • • • ]i which was called the basis of class symmetric functions 
in [T3]. Indeed, in light of Jucys' result (labelled Corollarv 16.21 above), an equivalent statement 
of Theorem 16.101 is that 

(6.10) u)^,{r.n) = Cf,{n) 

for any n > 1, where it is understood that we also set t = n as well as Xi = Ji in (|6.10|) . 
Consequently, we have the following reformulation of the class expansion problem in terms of 
A*. 

Proposition 6.11 ([3T]). For any / G A 

Proposition 16.111 extends Theorem 15.121 in the sense that the former gives an encoding of all 
class coefficients, whereas the latter only encodes top class coefficients. In particular, one has 

and 

Thus, for any k > 1, the fcth order asymptotics of the CUE correlation functions (|1.2p are 
encoded in the structure of the algebra of shifted symmetric functions. 

Remark 6.3. It seems difficult to give the polynomials L^(t) and F^{t) explicitly. However, in 
[23] , Fuji et. al. obtain an explicit expression for L|g^-'(t): 

(^) = G(0){P2r,t) = j2 (j+i)n2 ^(^'^)^(^ - 1) • • • (t -p), 
p=l ' ' 

where T{r,p) is once again a central factorial number. Note that L/^r ^\t) = 0. 
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8 Appendix A: Examples 

8.1 A.l: Cleiss expansion of mxC^n) for l-^l < 4. 



|A| = 1 



m(i)(S„) = C(i)(n). 



|A| = 2 



"^(2)(Sn) 

m(i2)(S„) 



H2){n) + -n{n - l)c^o){n). 
C{2)W + C(i2)(ra). 

2c(2)(n) + C(i2)(n) + -n(n - l)c(o)(n). 



|A| = 3 



"1(3)0 
"^(2,1)0 

m(i3)(: 



'n 



'n 



'n 



'n 



-H3)(.^) + (2« - 3)c(i)(n). 

3c(3)(n) + C(2,i)(n) + -(n - 2){n + l)c(i)(n). 

C(3)H + C(2,1)(") + C(l3)(n). 

5c(3)(n) + 2C(2,i)(n) + C(i3)(n) + ^(n^ + 3n - 8)c(i)(n). 
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|A| 



m(4)(: 
"^(3,i)(- 



m 



(22)(S»i 



=C(4)(n) + (3n - 4)c(2)(n) + 4c(i2)(n) + -n(n - l)(4n - 5)c(o)(n). 
=4c(4)(n) + C(3,i)(n) + 2(3n - 7)c(2)(n) + 2(2n - 3)c(i2)(n) 



+ -n(n - l)(n - 2)c(o)(n). 
=2c(4)(n) + C(22)(n) + ^(n^ - n ■ 



4)c(2)(n) + 2c(i2)( 



n 



+ -^n{n - l)(n - 2)(3n - l)c(o)(n). 



"i(2,i2)(S„) =6c(4)(n) + 3c(3^i)(n) +2c(22)(n) + C(2,i2)(n) + -(n - 3)(n + 2)c(2) (n) 



+ 2^^ 



n - 4)c(i2)(n). 



m(i4)(H„) =C(4)(n) + C(3,i)(n) + C(22)(n) + C(2,i2)(n) + C(i4)(n). 
/i4(H„) =14c(4) (n) + 5c(3^i) (n) + 4c(22) (n) + 2c(2,i2) (n) + C(i4) (n) 



+ (n^ + 8n - 23)c(2)(n) + -(n^ + 7n - 4)c(i2)( 
+ ^n(n - l)(3n2 + 17n - 34)c(o)(n). 



n 



8.2 A.2: Tables of 



We now give tables of L^, which can be compared with the class expansions in Appendix A.l 



The row labelled "SUM" stands for for each column associated with /i, which equals 



Catu by Theorem 15.41 





2 


1^ 


2 


1 




1^ 


1 


1 


SUM 


2 


1 



A\/i 


3 


21 


1^ 


3 


1 






21 


3 


1 




1^ 


1 


1 


1 


SUM 


5 


2 


1 





4 


31 


22 


212 


l4 


4 


1 










31 


4 


1 








22 


2 





1 






212 


6 


3 


2 


1 




l4 


1 


1 


1 


1 


1 


SUM 


14 


5 


4 


2 


1 



A\/. 


5 


41 


32 


312 


221 


21^ 


1^ 


5 


1 














41 


5 


1 












32 


5 





1 










312 


10 


4 


1 


1 








221 


10 


2 


3 





1 






21^ 


10 


6 


4 


3 


2 


1 




l5 


1 


1 


1 


1 


1 


1 


1 


SUM 


42 


14 


10 


5 


4 


2 


1 



40 



A\/x 


6 


51 


42 


4l2 


3^ 


321 


31^ 


2^ 


22^2 


2r 


1^ 


6 


1 






















51 


6 


1 




















42 


6 





1 


















412 


15 


5 


1 


1 
















3^ 


3 











1 














321 


30 


5 


4 





6 


1 












31^ 


20 


10 


4 


4 


2 


1 


1 










2^ 


5 





2 














1 








2^1^ 


30 


10 


8 


2 


9 


3 





3 


1 






21^ 


15 


10 


7 


6 


6 


4 


3 


3 


2 


1 




1« 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


SUM 


132 


42 


28 


14 


25 


10 


5 


8 


4 


2 


1 



A\// 


7 


()1 


52 


51-' 


43 


421 


41' 


3^1 


32^ 


321- 


31 i 


2''1 


2-' I'' 


21' 


I' 


7 


1 






























61 


7 


1 




























52 


7 





1 


























51^ 


21 


6 


1 


1 
























43 


7 











1 






















421 


42 


6 


5 





3 


1 




















413 


35 


15 


5 


5 


1 


1 


1 


















3^1 


21 


3 








4 








1 
















32^ 


21 





5 





2 











1 














32P 


105 


30 


15 


5 


18 


4 





6 


2 


1 












31^ 


35 


20 


10 


10 


5 


4 


4 


2 


1 


1 


1 










2^1 


35 


5 


10 





6 


2 








3 








1 








2^1^ 


70 


30 


20 


10 


20 


8 


2 


9 


7 


3 





3 


1 






21^ 


21 


15 


11 


10 


9 


7 


6 


6 


5 


4 


3 


3 


2 


1 




l7 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


SUM 


429 


132 


84 


42 


70 


28 


14 


25 


20 


10 


5 


8 


4 


2 


1 
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